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The s t a b i l i t y  of  s t a t i o n a r y  p l a n e - p a r a l l e l  c onve c t i ve  flow be tw e e n  h o r i z o n t a l  p l a n e s  a long  
which  a c o n s t a n t  t e m p e r a t u r e  g r a d i e n t  is  g iven ,  is  i n v e s t i g a t e d  r e l a t i v e  to  s p a t i a l  p e r t u r -  
b a t i o n s .  It is  shown thaf  the  flow c r i s i s  is  c a u s e d  by s p i r a l  p e r t u r b a t i o n s  in a b r o a d r a n g e  
of  P r a n d t l n u m b e r  v a l u e s  (P > 0.24).  S p i r a l  p e r t u r b a t i o n s  a r e  d e v e l o p e d  in u n s t a b l y  s t r a t i -  
f i e d f l u i d l a y e r s  ad jo in ing  the u p p e r  and l o w e r  l a y e r  b o u n d a r i e s ,  and  a r e  of  I t a y l e i g h  n a t u r e .  

t .  The  s t a b i l i t y  of  a s t a t i o n a r y  p l a n e - p a r a l l e I  convec t ive  flow be tween  h o r i z o n t a l  p l a n e s  a long which  
a c o n s t a n t  t e m p e r a t u r e  g r a d i e n t  is  g iven  i s  c o n s i d e r e d  in [1] and the s t a b i l i t y  b o u n d a r y  r e l a t i v e  to p l a n e -  
n o r m a l  p e r t u r b a t i o n s  i s  d e t e r m i n e d .  The  s t a b i l i t y  i n v e s t i g a t i o n  of  th i s  flow is con t inued  in t h i s  p a p e r  and 
s p a t i a I  p e r t u r b a t i o n s  a r e  e x a m i n e d .  

A p l a n e - p a r a l l e l  s t a t i o n a r y  flow o r i g i n a t e s  in a h o r i z o n t a l  l a y e r  bounded by so l id  p l a n e s  a long  which  
the  t e m p e r a t u r e  v a r i e s  l i n e a r l y  (Fig .  1). The d i m e n s i o n l e s s  v e l o c i t y  and t e m p e r a t u r e  (the m e a s u r e m e n t  
un i t s  a r e  i n d i c a t e d  in [1]) a r e  d i s t r i b u t e d  o v e r  the s e c t i o n  as  fo l lows:  

0 = ~'~ 0 .3 - ~.  T0 = ~ + CP~0 (1.1) 
r0 = ~'3G,~ (3,, a -- 10,c 3 '-- 7~). 

L e t  us  c o n s i d e r  n o r m a l  s p a t i a l  p e r t u r b a t i o n s  of t h i s  f low wh ich  a r e  dependen t  on the t i m e  and h o r i -  
zon t a l  c o o r d i n a t e s  a c c o r d i n g  to  the  law 

(v. T, p) ~ exp [-- "r @ i (kvg + k~z)]. (1.2) 

a m p l i t u d e  fo l lows f r o m  the l i n e a r i z e d  p e r t u r b a t i o n  equa t ions  (the s y s -  The s p e c t r a l  p r o b l e m  fo r  the  
t e m  (2.1)-(2.3)  in [1]): 

~.~ + ~k: (;c, x = - -  p' + ( r x " - -  k'-~.~} - -  0 

"t~ v ~ lkz (;~ oc u = - -  ~,~vp -}" (cy" - -  k '-t y} 
X~z + ll~zt;~o~z @ (;e't~'~x = - -  ikzp --  (z'z" -- k-'cz) (1.3) 

- -  ),0 - -  ~kz(;t .O -7 G"P'co'r x 2- (-;~z = p - t  (O" - -  k20) 
Vx' '-- d, 'y~u-- d , z~z= 0 ( 1 2 =  ], ~-_ k:-) 
x : - - l :  t'& --~ ~] =-- I'Z = 0 = D 

Here  Vx, Vy, Vz, 0, and p a r e  dependen t  on the t r a n s v e r s e  c o o r d i n a t e  x of  the  p e r t u r b a t i o n  a m p l i t u d e ,  
~, is  the  c o m p l e x  d e c r e m e n t ,  ky ,  k z a r e  the  wave n u m b e r s  aIong the c o r r e s p o n d i n g  d i r e c t i o n s ,  and G and 
P a r e  the  G r a s h o f  and P r a n d t l  n u m b e r s .  

The p lane  p e r t u r b a t i o n s  e a s e  (ky =0,  k z r  Vy =0) is  c o n s i d e r e d  in [1]. In c o n t r a s t  to the  p r o b l e m  
about  s p a t i a l  p e r t u r b a t i o n s  in a p l a n e - p a r a l l e l  flow be tween  p a r a l l e l  p l a n e s  h e a t e d  to d i f f e r en t  t e m p e r a t u r e s  
[2], the  s p e c t r a l  p r o b l e m  (1.3) does  not r e d u c e  to  the  c o r r e s p o n d i n g  p r o b l e m  for  p lane  p e r t u r b a t i o n s .  Hence ,  
the  q u e s t i o n  of  the  b e h a v i o r  of  s p a t i a l  p e r t u r b a t i o n s  r e q u i r e s  s p e c i a l  c o n s i d e r a t i o n .  By ana logy  with  the  
r e s u l t s  in [2], it  c an  be e x p e c t e d  tha t  the  m o s t  " d a n g e r o u s "  a m o n g  the s p a t i a l  p e r t u r b a t i o n s  a r e  the  s p i r a l  
p e r t u r b a t i o n s  (k z =0,  ky  r  in the  fo rm of  sha f t s  whose  a x e s  a r e  p a r a l l e l  to the  m a i n  flow v e l o c i t y .  
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S e p t e m b e r - O c t o b e r ,  1974. O r i g i n a l  a r t i c l e  s u b m i t t e d  A p r i l  t ,  1974. 
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Se t t ing  k z =0 and e l i m i n a t i n g  the  a m p l i t u d e s  of Vy and p, we ob ta in  the  s p e c t r a l  p r o b l e m  fo r  the  s p i r a l  
p e r t u r b a t i o n s :  

A'-,.~ - ku20 = - ~A~.~ (As _~ i" - -  ka/) (1,4) 
A v z  - -  Gco'Vx ~ - -  ~Vz 
A 0  - -  G2P~%'vx - -  GPvz = - -  ~,PO 
x- -  '_I: v~= v~ '~  vz= 0---- 0 . 

B e c a u s e  of  the  o d d n e s s  of  the  v e l o c i t y  v 0 and t e m p e r a t u r e  T o p r o f i l e s ,  the  b o u n d a r y - v a l u e  p r o b l e m  
(1.4) a d m i t s  of  s o l u t i o n s  of  two k i n d s ,  even  and odd r e l a t i v e  to the  m i d d l e  of  the  l a y e r .  

2. The  G a l e r k i n  m e t h o d  is  u s e d  to  s o l v e  the  p r o b l e m  (1.4). The a p p r o x i m a t i o n s  of  the  a m p l i t u d e s  
of  Vx, Vz and 0 a r e  

M - - 1  N - - 1  L - - 1  

, .  = y ,  . ~ % .  o : y ,  ~o. ,  . .  = y~ , / , .  (2 .1)  
m ~ 0  q l ~ 0  l ~ 0  

The  b a s t s  func t ions  q ~ ,  0 n, ~  ( they have the m e a n i n g  o f  p e r t u r b a t i o n  a m p l i t u d e s  in a f ixed  f lu id  
l a y e r )  a r e  d e t e r m i n e d  by s o l u t i o n s  of  the  b o u n d a r y - v a l u e  p r o b l e m s  

A2q~,~ = -- ~tm Aq.m, {p,~ (~ 1) = {p~' (•  I) =0 
AOn = -- v~POn. O)~(+_ I) ~ 0 

~ 1 =  -- zt~, ~ ( •  I ) =  0 . (2 .2)  

The a p p r o x i m a t i o n s  (2.1) con ta in  f r o m  fou r  to  2 0 b a s i s  func t ions  in  expa ,mions  of Vx, 00 v z .  

. The f u n d a m e n t a l  r e s u l t s  of  the  c o m p u t a t i o n s  a r e  r e p r e s e n t e d  in F i g s .  2 -4 .  Shown in F ig .  2 a r e  the  
r e a l  p a r t s  of  the p e r t u r b a t i o n  d e c r e m e n t s  ~ r  a s  a funct ion  of  the  G r a s h o f  n u m b e r  G for  f ixed  p a r a m e t e r s  
P = 0 . 5 ,  ky =4.  The  s o l i d  l i n e s  show the  r e a l  b r a n c h e s  of  the  s p e c t r u m ;  the  d a s h - d o t l i n e s  deno te  t he  c o m -  
mon r e a I  p a r t  of  the  p a i r s  of  c o m p l e x - c o n j u g a t e  d e c r e m e n t s .  A l l  the  l e v e l s  a r e  r e a l  fo r  G =0 and a l t e r -  
na t e  a s  fo l lows  in o r d e r  of  i n c r e a s i n g  d e c r e m e n t s :  X0, P0, • v0, )/2, P2~ vl, X3. As  i s  s een  f r o m  the  
s p e c t r u m ,  t h e r e  a r e  two c r i t i c a l  po in t s  a t  which  an i n s t a b i l i t y  of m o n o t o n i c  f o r m  o r i g i n a t e s  (the r e a l  d e -  
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crement  becomes zero) .  The lower (even) instability level is generated by a mixture of even branches 
of v 0 and X2. The higher  (odd) level is generated by a mixture of odd branches  of • and tt~. The cr i t ical  
Grashof  numbers  are  close together .  The monotonic na tureof the ins tab i l i ty ,  the presence  of two criti~ 
cal points, and thei r  c loseness  are conserved even for other  values of the pa ramete r s  P and ky. 

Shown in Fig. 3 are  the neutral  curves  on the plane of the cr i t ica l  Rayleigh number R - wave number 
ky (R =GP). The solid lines map the neutral  curves  for the even instability level; the dashed lines re fe r  
to an odd level. The numbers  1-4 of the pairs  of neutral  curves  correspond to values of thePrandt l  numbers  
0.2, 0.5, 1, and 10. It is seen that the cr i t ica l  wave number is close to k m ~ 4  in a broad range of values 
of P. 

The combined stability diagram is presented in Fig. 4. The dependence of the minimal cr i t ica l  G r a s -  
hof number  G m onthe Prandt l  number  P is shown for different instability modes.  Curve 1 yields the 
stability boundary relat ive to plane monotonic perturbations of hydrodynamic type; curve 2 determines  the 
stability boundary relative to plane t ravel ing perturbations of Rayleigh type (curves 1 and 2 are found in 
[I]). The pair  of curves  3 r e fe r s  to the spatial spiral  perturbations discussed in this paper.  The solid 
and dashed lines, respect ively,  map the stability boundary relative to even and odd perturbat ions.  The 
spira l  per turbat ions  are the most  dangerous among all the kinds of perturbations considered in the broad 
range of Prandt l  numbers  P > 0.24 and result  in a c r i s i s  of the plane-paral le l  flow. 

The minimal  c r i t ica l  numbers  G m for the even and odd spiral  perturbat ions differ slightly. Even- 
type per turbat ions are more  dangerous for P < 2.7; while the c r i s i s  goes over  to the odd perturbation for 
P > 2.7. The stability boundaries in this range of l>randG numbers are so close together  that they pract ical ly  
coincide in the scale in Fig. 4. 

The c r i t i ca l  numbers  G m diminish monotonically as P grows, and for large P the following a symp-  
totic is valid: 

(;m ---- a / P .  ( 2 . 3 )  

where the coefficient a is 886 and 879, respect ively,  for even and odd levels.  

Numer ica l  investigations of the eigenfunctions show that a spiral  instability originates because of the 
development of perturbat ions in unstably strat if ied fluid layers  adjoining the upper and lower planes (Fig. 1). 
Computations of the s t reaml ines  i n t h e x - y  plane perpendicular  to the main flow direction show that two 
fundamental vor t ices  localized in the upper and lower halves of the channel section are formed at a half- 
wavelength rr/ky in the y direction.  In the case of an odd perturbation,  two vor t ices ,  one above the other, 
have opposite circulat ion direct ions.  In the even perturbat ion case,  the main vor t ices  have the same c i r -  
culation direction and a weak buffer vortex of opposite c irculat ion is formed between them. 

The spira l  instability is due to the equilibrium cr i s i s  of the fluid heated from below, just  as the in- 
stability relative to plane t ravel ing waves (curve 2 in Fig. 4). The unstable tempera ture  strat if icat ion is 
produced by plane-para l le l  flow. This flow exer ts  influence on the condition for the origination of a Ray-  
leigh-type instability. 

The Rayleigh nature of the spiral  instability is verif ied by the fact that the Rayleigh number  [formula 
(2.3)] is the governing pa rame te r  for large P. The boundary-value problem (1.4) can be simplified for large 
P. It follows f rom the f i rs t  two equations of the system (1.4) that the amplitudes are  on the o rde r  of 0.=0) 
on the stability boundary 0 ~Vx, Vz ~Gvx~ P-lVx. The f irs t  and third equations then become 

• = ~u:0. ~0 =/~:T0'~ ~ �9 (2.4) 

Together  with the appropriate boundary conditions, these equations govern the neutral  perturbations 
in a fixed fluid with a ver t ica l  tempera ture  gradient ~ 0'. In contras t  to the spiral  per turbat ions,  the plane 
t ravel ing perturbat ions considered in [1] are also a Rayleigh instability on which the main s t ream acts in 
a stabilizing manner .  
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